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We expand the fluctuating flow variables of Boussinesq convection in the
planform functions of linear theory. Our proposal is to consider a drastic trunca-
tion of this expansion as a possibly useful approximation scheme for studying
cellular convection. With just one term included, we obtain a fairly simple set of
equations which reproduces some of the qualitative properties of cellular con-
vection and whose steady-state form has already been derived by Roberts
(1966). This set of ‘modal equations’ is analysed at slightly supercritical and at
very high Rayleigh numbers. In the latter regime the Nusselt number varies with
Rayleigh number just as in the mean-field approximation with one horizontal
scale when the boundaries are rigid. However, the Nusselt number now depends
also on the Prandtl number in a way that seems compatible with experiment.
The chief difficulty with the approach is the absence of a deductive scheme for
deciding which planforms should be retained in the truncated expansion.

1. Introduction

When thermal convection occurs in Nature, it is usually characterized by
exceedingly large values of the Rayleigh number. For such circumstances, there
are no generally accepted theoretical treatments, though mixing-length theory
in one of its various forms is often used. This may be adequate when, as is often
true, it is required to calculate mean quantities or to estimate transports. On the
other hand, the drawbacks are evident; in particular, mixing-length theory
cannot cope easily, if at all, with the various important complications that occur
naturally, such as variable density, penetration and rotation. It would therefore
be helpful to develop an approximation for convection which works moderately
well for laboratory conditions and which, without special new assumptions, is
adaptable to convection in natural circumstances. It is the aim of this paper to
outline an attempt in this direction.

The approach taken here is motivated partially by observations of solar
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convection. There, in spite of the large Rayleigh number (~ 10%°), one observes
motion which appears cellular. Of course, the supposed cells might be the tops of
thermals, or any of a variety of other possible alternatives. Nevertheless there is
a certain cogency to the interpretation that cell-like motion persists in what is
probably an intensely turbulent flow.

Further impetus for our approach comes from solutions of the equations of
motion with the terms nonlinear in fluctuating quantities omitted: the so-called
mean-field equations. The original reasons for considering these equations at all
are vague and go back to some work of Malkus (see, for example, Spiegel 1962;
Herring 1963), as well as to mixing-length theory itself. Nonetheless, the solu-
tions of these equations when only one horizontal scale of motion is included give
horizontal means of quantities such as temperature which are in qualitative
agreement with laboratory results, even at moderately high Rayleigh numbers.
And when many horizontal wavenumbers are included, it appears that the
qualitative nature of heat transfer in laboratory convection is reproduced, at
least for large values of the Prandtl number (Chan 1971; Spiegel 1971).

It seems reasonable to try to capitalize on the relative success of the mean-
field equations by adding to them some approximation for the neglected non-
linear terms. This should at least help to remedy what appears to us to be one of
their principal failures, namely that the heat transport they predict does not
depend on the Prandtl number. This deficiency renders the mean-field equations
unsuitable for use in stellar convection theory, for example.

Attempts to add some representation of the missing nonlinear terms to the
mean-field equations have already been made. One such attempt (Spiegel 1967),
though rather ad hoc, produced a reasonably tractable set of equations; indeed,
of a form similar to that which we devise here. A more systematic approach was
taken by Roberts (1966), who applied the procedure of Glansdorff & Prigogine
(1964) to the convection problem with a cellular trial function. His results are
just the steady-state form of the leading approximation we shall treat in some
detail here.

The procedure we shall follow, though giving equations like those mentioned
above, is rather simple, has been in use since Ptolemy and is sometimes called the
Galerkin method. We shall simply make an expansion of the horizontal structure
of the velocity and temperature fields in orthogonal functions and truncate it.
Presumably, if enough terms are kept, one may regard this as a sensible approxi-
mation procedure, and later we propose to develop it in this way. Here we shall
study in detail the case where only one term is retained, and we prefer to think of
the approximate equations so obtained as simply defining a mathematical model
of a convection cell.

In §2 we shall present the proposed expansion for Boussinesq convection and
show that it is energetically consistent. From this expansion, however, we shall
here retain only one term and study the resulting single-mode equations in some
detail. In §3 we shall examine how motion of small but finite amplitude is
described by the truncated equations and compare the results with those from
the full Navier-Stokes equations. Then in §4 we shall solve the single-mode
equations for large values of the Rayleigh number using matched asymptotic
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expansions. The results introduce a reasonable Prandtl number dependence into
the heat transport predicted by the usual mean-field equations.

2. Expansion of the Boussinesq equations

We consider an incompressible fluid confined between two horizontal, rigid,
perfectly conducting plates at fixed temperatures. The plate separation d is
assumed to be sufficiently small that the Boussinesq approximation holds. We
take d as the unit of length, d?/« as the unit of time, where « is the thermometric
conductivity, and AT, the temperature difference between the plates, as the unit
of temperature. As usual, we decompose the temperature into a mean and a
fluctuating part: T = T 4 6, where the overbar indicates a horizontal average.
The non-dimensional equations of motion then become

%_(-aa—l:+u.Vu—u.Vu) = — Vo + RkO +Vu, (2.1)
d0jot+u.VO—u.V0 = fw+ V30, (2.2)
V.u=0, (2.3)
o  owd T
% e T (24)
where p=—T|e, (2.5)

and R = gaATd?|kv and o = v/« are the Rayleigh and Prandtl numbers. Also g is
the gravitational acceleration, « is the coefficient of thermal expansion, v is the
kinematic viscosity, k is a vertical unit vector, w is the deviation of the pressure
from its hydrostatic value divided by the (constant) density, and (u, v, w) are the
(2, ¥, 2) components of the velocity u with the z axis directed along k. The terms
describing the basic hydrostatic balance of the mean state have already been
subtracted from (2.1).

In studying this system we may be interested in a variety of possible boundary
conditions, but we shall restrict ourselves here to cases where the conductivities
of the boundaries are far greater than that of the fluid; this permits us to regard
the boundary temperatures as specified. If the upper and lower boundaries are
rigid then we have

(2.6)

u=0, 6=0, T=1 at z=0,
u=0 6=0, T=0 at z=1.}

Though these are the conditions we shall use principally, we shall sometimes, for
comparison with other work, apply the so-called free boundary conditions to the
velocity fields, namely

oufoz, vz, w=0 at z=0,1. (2.6a)

Linear theory shows that instability can arise for B > R, = 1708 (Chandra-
sekhar 1961, chap. 2) if conditions (2.6) apply. The linear equations are separable,
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and the horizontal variations of w and 6 are described by the planforms f;(z, y),
which satisf’

Y Vifilz.y) = —ad filzv), (2.7)

where V§ = 9%/0y? + 0%/0y® and the separation constant a, is a horizontal wave-
number of the motion. Under the usual assumptions about the properties of
horizontal averaging (which are based on a sort of box normalization) it can be
seen that f; and f; are orthogonal for a; & a;. We may then choose the normaliza-

tion -_—
fif; = 04 (2.8)

where §;; is a Kronecker delta. (Strictly, the f’s should be labelled by the a’s,
which form a continuous spectrum, but we use the discrete index for convenience.)
For a given a,, there is still an infinity of solutions of (2.7), but it is possible to find
a set of orthogonal functions spanning the subspace of the solutions for fixed a;.
For this subspace a second index might be desirable, but we shall not indicate it
explicitly.

We now expand w and 6 in terms of the f’s:

w(x, Y2, t) = Z_fi(x7 y)Wi(z,t), 0(‘”: Y,z t) = Zfi(x’y)(ai(zi t)' (2'9)

The horizontal velocity components are then expanded as

of; oW, of; oW
= '-_2—1:-—1' = -2 0171
uw(x,y,2,t) = ia, % 5 (%, Y, 2,t) %‘,al oy "

which ensures that the continuity equation is satisfied. From these expansions
we have omitted terms which describe vertical vorticity; the corresponding
expansion for w is of the form of (2.9).

We may now substitute these expansions into the equations of motion and,
by multiplying by appropriate f’s and their derivatives and taking horizontal
averages, extract the desired equations for the W; and ©,;. The reductions are
straightforward and we shall not present them, though a reader who wishes to
verify the results may find it convenient to note that, in addition to the coupling

(2.10)

constants, —_—
° Ctim = $FufiFo (2.11)
- _ ¢ (%hUn %
the quantity Ay = fr ("é};; o By By (2.12)
arises in the reductions. The 4’s and (’s are related by
Aklm = (al2 + a’72n - a’lzc) Cklm' (213)

Having obtained the expanded equations, we eliminate the pressure by taking
the double curl of the momentum equation. These are familiar reductions, and
we are led to the following equations:

1 oW, 1 Cpy, o oW
D, M [amlemgl—a;Li_(amkl'*"aklm)"é‘zﬂglwfl]

o a a5 (way)?

= —Ra}®,+ D3W,, (2.14)

ow,, 06 oT
[aklm®,—£)—2—+2a,%a3,‘th a—z’] = —52Wk+9k®k (2.15)

90y Cram
ot i (apay)?
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aT 0 0T

and = (E 7.0,,) = P

where 9, = 62/6z2~—ak, Cam = ai(af +a, —ak). (2.17)

(2.16)

If we now multiply (2.14) by ai2W,, integrate from z = Oto z = 1 and sum over
k, we obtain after some rearrangement

11 oW,
o‘dt kf [ "2( azk) +W2] dz—REf @kl'deZ—Ef ak @k'ufk)2dz (2 18)

Likewise, multiplication of (2.15) by ®, followed by integration and summation
yields

d 1 1 17/00,\2
Ef %@%dz:ﬁf ﬂ%@kdz——ﬁf [(——") +a,2c®,2c] dz. (2.19)
kJo kJo rJo L\ 0z

These two equations are just the cellular decomposition of the usual power
integrals of Boussinesq convection (Malkus 1954). Thus, the horizontal mean of
the kinetic energy per unit mass is
— 17 (W2
% ua= %5[0%2(@") + W,%]

and we see that (2.18) describes the roles of buoyant work and viscous drag in the
production of the kinetic energy. The power integrals hold term by term, so that
energetically, at least, there is no inconsistency introduced by a truncation of the
expansions. This is to be expected, since we have done little more than a Fourier
analysis. The planforms are a linear combination of Fourier modes of given
absolute value of the horizontal wavenumber. Hence if we wish to describe, say,
a hexagon, we require only one mode, whereas six Fourier modes (three rolls)
would be needed. The price paid for this advantage is that in (2.15) and (2.16)
the nonlinear couplings are double sums over all modes rather than the single
sums which result from a Fourier decomposition.

As stated in the introduction, we could now proceed by keeping successively
more terms to see how the approximation develops. Indeed, at the time of writing
we have numerical solutions for up to five modes in a variety of cases, and the
results are quite complicated. But at this stage it appears that the equations
for one mode may already make a useful mathematical model for convection,
and we wish now to specialize to that case. Accordingly, we set all the W, and ©,,
to zero except for one pair (W, ©,) say. Then the indices are no longer needed,
and we may write

(13—9)9W_ _Ra 2®—9[2ﬁ’,@w W@ﬂ] (2.20)
(5—9)@ AW~ 0[2W ®+®ﬂ] (2.21)

3T 0 22T
e (WO) =, (2.22)

which are the single-mode equatlons to be studied here. The quantity QW is
proportional to the horizontal vorticity. We have integrated these equations
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numerically from different initial conditions for various Rayleigh numbers and

the solution in each case tended to a steady state after long times. This leads us
to consider here only the steady-state version

(D*— a2 W = Ra?® + (Clo) [2(DW) (D2 —a®) W + W(D2*—a®) DW], (2.23)

(D?—a?) 0 = - W+ C(2WDO+ODW], (2.24)

f+WO =N, (2.25)

where D = d[dz and the constant of integration N is the dimensionless total heat

transport or Nusselt number. The boundary conditions (2.6) for the rigid case
when combined with (2.3) yield

W=DW=0=0 at 2z2=0,1, (2.26)
while (2.6 a) gives W=D*W=0 at z=0,1. (2.26a)
We have also the integral condition

1
f Bdz = 1. (2.27)
0
In addition to these formulae, it is convenient to have available the relations
1
0
1
and g=1 +J- Wodz— W0, (2.29)
0

which are obtained from (2.25) and (2.27).

We should also note that the range of possible values of C is small for the
standard cells normally considered: the roll, rectangle and hexagon. Most of
these planforms can be recovered from a formula of Segel & Stuart (1962):

2 \?t a, .
filx,y) = (m) [A cosaiy+2cos§—;ﬁ;cos _‘%?j], (2.30)

where A ->co leads to the roll, A = 0 gives a particular rectangle and A =1 a
hexagon. We have for these forms

C = 3A[2/(2+ A2, (2.31)

which vanishes at A = 0, oo and reaches a maximum value of 6-% for A = 1. We
shall regard these values of ' as representative, though it is also possible to
regard C as a measure of ‘eddy effects’ and treat it as a parameter.

For C = 0, the system (2.23)—(2.25) reduces to what are sometimes called the
‘single-x mean-field equations’, which have been discussed in detail (Herring
1963, 1964, 1966; Howard 1965; Roberts 1966; Stewartson 1966; Elder 1969;
Van der Borght 1971; Murphy 1971a). Moreover, the system has been derived
by Roberts (1966) using a procedure proposed by Glansdorff & Prigogine (1964).
For C =+ 0, Roberts has given some numerical solutions at modest B, and Murphy
(1971b) has gone to somewhat higher R for free—free conditions using a truncated
sine series in z.
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3. Solutions at small amplitude

Rayleigh (1916) and others have given solutions of the Boussinesq equations
for motion of infinitesimal amplitude. When R exceeds a certain critical value R,,
linear theory predicts exponential growth for planforms in a particular band of
horizontal wavenumbers (Chandrasekhar 1961, chap. 2). In the N, R plane, steady
finite amplitude solutions bifurcate from the branch of static solutions at N = 1,
R = R, At the point of bifurcation the steady convective solutions have zero
amplitude and for R near B, they should have small amplitude. Malkus & Veronis
(1958) used this small amplitude as an expansion parameter in perturbation
theory to find nonlinear solutions in the neighbourhood of R,. Their work was
restricted to the case of stress-free boundaries. The extension to the rigid-
boundary case, for which (2.26) apply, was made by Schliiter, Lortz & Busse
(1965). In this section we examine the analogous expansions of (2.23)-(2.25). We
shall outline the calculation for the rigid boundary conditions (2.26), and then
quote for comparison the Nusselt number found when the free boundary con-
ditions are used instead. The point of this exercise is to see how well the solu-
tions of the single-mode equations, which are derived from the most extreme
simplification of the horizontal structure of the flow, approximate solutions
of the full Boussinesq equations at low R.

We assume that the velocity and the temperature fluctuation have an ampli-

tude & and write W=oW, =0 (3.1)

To be specific we might consider 2/ to be the norm of the velocity. Then (2.23)-
(2.25) become

(D?—a?) W — Ra2® = (£CJo) [2(DW) (D2~ a?) W +W(D2—a?) DW], (3.2)
(D2—a?) O + W = 2C[2WDB +ODW], (3.3)
=N = —*WO. (3.4)

Likewise (2.28) and (2.29) are written as

1 A A
N =1+2 f WO dz, (3.5)
0

1 A A A A
B = 1+M2(f W@dz—-WG)) (3.6)
0

and the boundary conditions (2.26) apply to 1 and . Tt is convenient to combine
(3.2), (3.3) and_(3.6) into the single equation

(D2— a2 W + Ra2W = (£C/a) (D2 —a?) [2(DW) (D% — a?) W + W(D?—a?) DW ]
A A A A 1 A A A A A
+ o/ Ra20(21 DO + ODIW ) — o72Ra? ( f WO dz— W@) 7. (3.7)
[1]

We now expand W , @), p, N and R in powers of =7, for example
W =W+ AW, + LW+ ...,
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substitute these expansions into the equations and the boundary conditions, and
equate separately to zero the coefficients of each power of ..
We see immediately that the boundary conditions

A A A
W, DW, ©,=0 at z=0,1 (3.8)

apply at each order. The leading terms of (3.5) and (3.6) give f, = L and Ny = 1,
while the leading order of (3.7) is

LW, = (D2~ a2P + Rya?]W, = 0, (3.9)

which is the equation for marginal stability and yields, in conjunction with the
boundary conditions, a set of eigenvalues for Ry, the lowest of which, B, occurs
at a specific value a, of a. Once W(', is known, ® can be obtained, and W, and @0

may be written in the form

A 3
Wo= X 4,coshg{z—1),
1

(3.10)
Br cosh qr(z - %),

*
Me o

A
By =

r=1

[

A4,, B, and ¢, are complex constants which depend on the boundary conditions
used and are given, for example, by Reid & Harris (1958) and Chandrasekhar
(1961, §15) for the gravest mode, whose velocity and temperature fluctuations
vanish nowhere other than at z = 0 and 1. It may be shown that ®0 is adjoint
to W with respect to L and the boundary conditions (3.8), and that for given E,
and a the solution, apart from a constant amplitude factor, is unique.

The higher-order equations derived from (3.7) and (3.2) may be written as

LW, = — R, 0%, + P, (3.11)
0, = (Rya?) (D% — a2 W, +Q,, (3.12)

where P, and @, depend on expansion coefficients of W , ® and R of all orders up
to n— 1. The necessary and sufficient condition for the existence of a solution of
(3.11) subject to (3.8) is that the right-hand side be orthogonal to the adjoint

function @)0. Thus
1, 1A
R,a f W, 8,dz = f P,0,dz, (3.13)
0 0

which determines R,. It can be demonstrated that the integral on the left side
of this equation cannot be zero. Also it follows from the structure of 7, and the
zero-order solution (3.10) that P, is of the form

3
B = X [P}sinh(g,+¢;)(z—})+ Prsinh (g, —¢,) (2 —1)],

r,8=1

where the PZ are constants. This is an odd function of z—}, so R, = 0. In view of
this we can immediately write down a particular integral of (3.11) which is a sum
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of terms proportional to sinh (g, + ¢,) (2—3%). The complementary function and
the part of @1 obtained from (3.12) arising directly from the complementary
function are sums of terms proportional to cosh g,(z — }) whose coefficients could
be determined by applying the boundary conditions. Thus each term in P,
involving the complementary function is an odd function of z—} and is ortho-
gonal to (:50; hence to obtain R, it is not necessary to evaluate the complementary
function. The substitution of the particular integral into (3.13) is quite straight-
forward and will not be reproduced here.

To compute the correction to the Nusselt number we expand (3.5), and obtain

1 A A
'Nl = O, .N2 =f Iu)o@odz.
0
We have thus found the deviations of N and R from their marginal values implied
by a steady motion of amplitude 2:
R = Ry+2R,, N =1+ 2N,

From these we can eliminate .7 to obtain

N—1=N2%;(—1%—-1). (3.14)

After some elementary reductions, this relation can be written in the form
N —1 = [og + C¥atg + a0 + 01, 0-2)] 1 (B[ Ry — 1), (3.15)

where the a’s are numerical factors depending on a but not on € and o. For
a=a,= 3117,

ay = 6-92x 101, o, =932x10"1, o5 =810x10"*
and oy =401 %1071,
For rolls (C = 0) and hexagons (C = 6-%) we find, respectively,
N—1 = (0-692)-1(R/R,—1), (3.15a)
N —1 = (0-847 +0-1350—1 + 0-06680~2)~1 (R/R,— 1). (3.158)

From the full Boussinesq equations, Schliiter et al. (1965) obtained for these
planforms

N —1 = (0-699 — 0-004765 4 0-00830—2)~! (R/ R, — 1), (3.16q)
N —1 = (0-894+ 0-04965—1 + 0-067905-2)"1 (R/R,— 1). (3.16b)

The most striking aspect of this comparison is the failure of the modal equations
to produce a Prandtl number dependence for C = 0. For hexagons, the solution
of the modal equations is adequate for many purposes, and as (3.15) is somewhat
easier to obtain than (3.16), the simplified system is likely to be useful for more
complicated problems.
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If both the boundaries are free the boundary conditions in (2.26) are replaced
by (2.26 a) and we find by a similar but simpler calculation

2(R[R,—1)
N=1+ , 3.17
1+{[1+¢3/(oqD g3/ (g§ — 1) + 1} (317
where R, = (a*+7%)P®[a?, ¢E = a®+nn2 (3.18), (3.19)

For rolls and hexagons Malkus & Veronis (1958) give explicit results for o = o0,
in which case the agreement is excellent. However, in the case of rectangles,
C = 0 and the present procedure fails to give any dependence of N on o, in
contrast to the results of Malkus & Veronis.

4, Solutions for large R

The case of most interest in studying natural convection is that of very large R,
and we shall examine in this section the predictions of (2.23)-(2.25) for B oo.
For the case C' = 0, asymptotic solutions for B oo have already been found.
For rigid boundaries Roberts (1966) and Stewartson (1966) found that N varies
as (Ra?In Ra?)t for large R and for suitably restricted wavenumbers a, while
Howard (1965) found a variation like R? for free boundaries. In both cases N is
of course independent of o. For C = 0, the inertial terms have some effect and
naturally the asymptotic development is more involved.

The representation of the fluctuation advection terms introduces a vertical
asymmetry into the solutions, which is already apparent in the finite amplitude
results of the previous section. However the steady equations (2.23)-(2.25) are
invariant under the transformation z—>1—2, W—>—-W, 8 >—0, T>1-T
(Roberts 1966). These equations are also invariant under the transformation
C>—C,z2>1—2 W>W,0®—>0, T>1-T, but this does not lead to another
solution. As in §3 we only seek solutions for which W and ® do not vanish other
than at z = 0,1 and consider the solution with W, ® and C positive. When we
refer later to aspects of the solution near a particular boundary it should be
realized that there exists a corresponding solution with the designations ‘upper’
and ‘lower’ interchanged.

The scalings

To treat the problem of large R we shall use matched asymptotic expansions, for
which purpose we introduce

¢ = (Ra®No[C)-}, ¥ =¢W, F=(eN)'®, B=N-1p3 (4.1)
into (2.23)-(2.25) and multiply (2.23) and (2.24) respectively by ¥ and F to
obtain €¥(D2—a?2¥ = (Co) {¥'F + D[¥¥D?—a?) V], (4.2)

e2F(D?*—a?®) F = — BFY +¢CD(F?Y), (4.3)
B+YF =1. (4.4)

The rigid boundary conditions (2.26) become
=D¥=F=0 at z2=0,1 (4.5)
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and we have from (2.27)
1 1

We now study the nature of the solutions as ¢ — 0. Before proceeding to the outer
expansions, we shall anticipate here the scaling needed for the boundary layers.
Near the lower boundary we let

z=eld ¥, Y=¢etAdy, F= e“%/\‘%f,} @)
B=b, A=$%het
The boundary-layer equations are then
=2y = 1y, (48)
JF"+bff - C(f3) = 0, (4.9)
b+yf—1=0, (4.10)

where a prime denotes differentiation with respect to the argument (here {) and
we have neglected terms which are O(a%A?).
Near the upper boundary we set

1 —2 = 6%7], \If = 6§¢, F = enég, B = b, (4_11)
so that the equations for the upper boundary layer are
- C c
v — 2A7Y — 2_
BE+ = (5) = A= g, (4.12)
99" +bgp+C(g°¢) = 0, (4.13)
b+gg—1=0. (4.14)

The interior solution

We need first to find the appropriate asymptotic sequence for the solution away
from the boundaries. The leading term W, can be inferred from (4.1)-(4.3) by
letting ¢ 0. From (4.3) we find B, ¥, F = 0, which suggests the choice B, = 0.
Then (4.4) implies that Wy F, = 1. We can then neglect the left-hand side of (4.2)
and integrate once to obtain

WD —a?) ¥, = 2,—2, (4.15)

where z,is an integration constant. An equation of the same form can be obtained
by integrating (4.2) from 0 to z and making the identification

1-T
N

Since B, is zero, T is constant to leading order in the interior; the integral in

(4.16) is also sensibly constant in the interior since its main contribution comes

from the boundary layer. Hence, expression (4.16) gives the constant z,. Now we

expect, and shall verify below, that N—! is proportional to the boundary-layer

thickness e2A—%, while on introducing the scaled variables (4.7) we find that the
45 FLM 68

e%fz‘I’(Dz—az)“Fdz+ = 2. (4.16)
0
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integral in (4.16) is O(e?A%). Thus z, = O(e?A}), and we can neglect it in (4.15).
However, these estimates give us some indication of the kind of higher-order
terms to be expected in the development of .

The details of this asymptotic development for ¥ are given in appendix A.
To illustrate the calculation we simply consider here the leading term ¥, which
is obtained from (4.15) by neglecting z,. This is adequate for obtaining the leading
term in the dependence of IV on R. Near z = 0, (4.15) admits solutions which
vanish for z = 0 which are of the form

H
lI"0=z(3ln%—2lnln%+...) +..., (4.17)

while near z = 1, the solution which vanishes at z = 1 is
Vo= @R -2 1+ K(1 -2 +3(1—2)+...]+..., (4.18)

where K, and K, are constants. Though (4.17) and (4.18) give the behaviour at
the edges of the interior, we have no guarantee that the two limiting behaviours
correspond to one solution and we need reassurance on this point. For a > 1 we
can apply matched asymptotic expansions to (4.15) and see that indeed all is well.
This procedure also determines K; and K,. However, as we have no explicit need
here for these results, we defer that calculation to appendix B.

An interesting feature of this approximation for the interior solution is that it
predicts a bump in the mean temperature profile near one boundary (here the
lower one). To see this we recall that F,'¥', = 1 and find from (4.3) that

B =¢CDF,+.... (4.19)
Since DFy = D(¥;') we see from (4.17) that near z = 0
B~ —eCz?[3In(K,[z)+...]} (4.20)

while near z = 1, B > 0. Thisis just the interior part; the actual value of B must
be brought to unity at both boundaries with a boundary-layer solution. Thus 7'
must have a bump near the lower boundary, but does not have one near the
upper boundary. (The reverse is true for C' < 0.)

We now express the interior solution in the boundary-layer variables defined
by (4.7) and (4.11). From (4.17) we find that, near z = 0, ¥y = €A+ O(In A/A).
In fact the higher-order terms in the outer asymptotic sequence contribute
terms to this leading order. The calculation in appendix A gives us

¥ = eldd({—A4,In—-&+...) + O(eda—t) (4.21)
near { = 0, whence '
F=¢tA-t41 (1 +%n€+%+ ) +0(etA-d), (4.22)

where A4, and {, are constants. Likewise, near z = 1, the interior solution
expressed in the appropriate boundary-layer variables is

¥ = e Qg [1+ @K1~ ()} (40/150) -8 4 ...+ O(eb), (4.23)
F = et @1 — @B K,7 + 3@H(20/50 - C)pt+..140(1),  (4.24)

where K, is an arbitrary constant.
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Boundary-layer solutions

Near the bottom boundary layer we introduce the scalings (4.7) and obtain
(4.8)—(4.10). We consider here only the matching of the leading terms, for which
purpose (4.8) may be approximated as

Yy~ (CJo) (YY) = o. (4.25)
This is to be solved subject to the conditions
Y(0)=y'(0)=0, y~¢—A,In{-¢ as {—>o0. (4.26)
Integration yields
' —(Clo)[Yy" + (- 1)] = 0. (4.27)
With the substitutions
¥() = (o/C)Ex(8), &= (Clo)E¢, (4.28)
we obtain %_X%_é[(%r—l] =0, (4.29)
which is free of parameters. The boundary conditions are now
x(0) = [dx[d);g =0, x~E—AInf—E, as oo, (4.30)
where A = (ClotA,, & =[34,In(0/C)+&,](Clo) (4.31)

are as yet unknown.

Equation (4.40) is of the Falkner—Skan type and is best solved numerically.
We have carried out two independent numerical solutions in collaboration with
Dr K.Grossman and they yield 4 = 0-335, £, = 1-19 and d%y/d£? = 0-729 at
£ = 0. The function y is exhibited in figure 1.

The solution in the lower boundary layer is completed by solving (4.9), which
can be rewritten as

J'=209f" = (2 +CY')f = -, (4.32)
subject to f(0)=0, f~&1 as {—>o0. (4.33)
For purposes of numerical solution it is convenient to introduce

J(CloEE) = fl) = (a]CS(Q). (4.34)
Then Jr=(=?0 (1= xf)x +o@xf + x'F), (4.35)

where a prime indicates differentiation with respect to the argument (here £).
Since we have y, a function of £ alone, it is straightforward to solve (4.46) numeri-
cally for f for various values o and C. Some sample solutions for f are shown in
figure 1, for € = 6% = 0-408 and o = 10-2, 1, 102 and 10%,

The matching to the top boundary layer proceeds in a similar fashion and leads
to K3 = —0-927(0/C)%. We need not repeat the discussion, but we should mention
that the numerical solutions in both cases (upper and lower boundary) require
some care.

45-2
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10° T 1 T

10-3 1 1 |

10-2 10~ 1 10 10

FicUurE 1. The lower boundary-layer functions f and y from (4.35) and (4.29) are displayed
aver @ representative interval of the independent variable £. The functions f are for
C = 0-408 (hexagonal planform), and for the Prandtl numbers o = 1072, 1, 102 and 10%. The
function y in these numerical solutions is independent of C and o, and has the limiting
form yoc §2 as £ > 0.

The Nusselt number

We may evaluate N from (4.6) by separating the integral into the contributions
from the interior and the two boundary layers:

0

1 @ ©
%=J‘ de=fl(1——‘~FF)dz~e%/\“%f (1—1ﬁf)d§+0(e)+e’3f (L—-¢g)dy
0 0 0
~ b o] [ (1 -xde, (4.36)
0
the term O(¢) coming from the interior [see (4.19)]. The quantity

b= (of00 (1) dt (4.37)

can be evaluated, for different ¢ and C, from the boundary-layer solutions. In
table 1 we give values of k for a large range of o and for a few values of C'. From
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a\C 0-408 0-300 0-200 0-100
108 12-64 13-15 13-96 15-58
104 8-63 8-97 9-52 10-63
10% 5-90 6-14 6-51 7-26
102 4-05 4-21 4-46 4-97
10 2-82 2-92 3-09 3-43
1 2-01 2-07 2-18 2-40
10— 1-53 1-56 1-61 1-74,
102 1-28 1-28 1-30 1-37
10-3 1-17 1-16 1-16 1-19
102 1-13 1-11 1-11 1-11
105 1-11 1-10 1-09 1-08

TasrLe 1. Dependence of k, the integral expression (4.37), upon C and ¢. The values of &
may be used in evaluating the Nusselt number N in (4.38). The values of &k for a free
boundary, given by (4.41), at the above C values are 1-10, 1-09, 1-07 and 1-06

the analysis we know that k£ depends on C and o/C but not on o alone. We see
from table 1 that, for large o/C, k varies approximately like (o/C)}, with a
coefficient that varies weakly with C and is about 1-60 at ¢ = 0-408. For very
small o, k is insensitive to either o or C.

We may now refer to definition (4.1) to establish that

N~EWERZ IR} as R->o0, (4.38)
where R = Ra’a[kC.

If the leading term from the upper boundary layer is taken into account, the
factor k in (4.38) and in # must be replaced by

k+RSs(In Rk + ...,
where K =fw (1—dg)dy,
0

while if we include the next term from the lower boundary layer the whole
formula must be multiplied by 1 - (InInZ/In Z) + ..., at least when C, o and
o are of order unity.

Since B is the gradient of T, we see from (4.36) that as R >0 all of the drop
in T occurs in the lower boundary layer. Thus at sufficiently large R the bump
in T implied by (4.19) causes T to lie slightly outside the range defined by the
boundary conditions. Also, to leading order the Nusselt number is independent
of whether the upper boundary is rigid or free.

Other parameter ranges

In obtaining (4.38) we have treated a, C and o/C as O(1), though these restrictions
can be relaxed somewhat without loss of qualitative information. For example,
when o < 1 (C being fixed and non-zero) k& ~ 1-1, which shows that to within the
present accuracy N depends on Ro but not on R or o separately (a being fixed).
However, the explicit dependence of NV on Ro indicated by (4.38) holds only for
Ro > 1.
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When oR/C is small a totally different scaling of (2.23)-(2.25) is necessary
because now most of the heat is transported by conduction. There are no thermal
boundary layers and although W depends on which of the sets of boundary
conditions (2.26) or (2.26 @) is imposed, ® and N do not. In particular,

N ~ 1+A(cR/C), (4.39)

where A is a function of @ alone, when R is large. It was found by numerical
integration of the interior equations that A has a single maximum A,, = 2-496 x
10-%, which occurs at a = 2-370.

For large o/C it is not hard to show that there is virtually no change in the
results and that the form of (4.38) remains valid as long as o/C < (Ra?)?. When
o becomes very large compared with C, N becomes essentially independent of o;
thisis true also when C' -> 0. In fact, as C tends to zero, the form of the dependence
of N on Ra?is just that found by Stewartson (1966) and Roberts (1966). How-
ever, the asymptotic analysis presented here is not valid when C < o(Ra?)-$,
since in that limit a different balance of terms holds. Viscous forces balance
buoyancy both in the interior and in the boundary layers, and the matching is
quite different. Nevertheless, the Rayleigh number dependence when C = 0is the
same as expression (4.38), though the coefficient % is different, from that obtained
simply by letting '~ 0 in (4.37). There are also differences in logarithmic terms,
but if anything, the similarities rather than the differences between the results
so differently obtained are remarkable.

The dependence of N on a implied by (4.38) is also of interest and implies a
general increase in V with a in the asymptotic range considered here. This clearly
must break down at large enough a since we know that, for large R, N = 1 when
a 2 R} Moreover, the small amplitude studies are applicable sufficiently near to
the marginally stable solutions, even at large R, and we find no subecritical solu-
tions. Thus, (4.38) must break down before a increases to Rt—but where?

From our discussion of the interior equation for large a (appendix B) we see
that boundary layers of thickness a~? arise. When a = O(R#%), (4.1) and (4.38)
imply that efi(Ine~)ss = O(a~1), which is larger than the thicknesses of the
boundary layers already considered. Hence no significant change in the structure
of the viscous boundary layer results, though In K, and K,in (4.17) and (4.18) are
no longer of order unity (cf. appendix B); the order of the asymptotic sequence
derived in appendix A and the subsequent matching are modified. Furthermore,
when a > O[R<%(In R)¥s] equation (4.15)is valid only in an intermediate boundary
layer of thickness o~ R? (In R)is, which is always greater than a=. In the true
interior the viscous and buoyanecy forces balance and ¥ is asymptotically con-
stant. The temperature is no longer asymptotically constant, and decreases
linearly with z. Consequently, the interior contributes in leading order to the
integral for N-1in (4.36), asit does when €' = 0 (cf. Stewartson 1966), the amount
it contributes being a®e®¢/C. The intermediate boundary layers do not contribute
in leading order and we find that formula (4.38) for N should be multiplied by
(1—a*R)[(1—3»)/(1+2v)]t and Z# should be replaced by (1 —a*/R)Z, where
v = (Ina/ln R). This gives ap,, ~ ({R)t. The additional adjustments that are
made when higher-order terms in the expansion are taken into account still apply
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provided that a < Ri%(In R)sT, except that the factor % must be multiplied by
(14 2»)/(1—3vp); for larger a the intermediate boundary layers near the lower
boundary also contribute to the correction to k.

Free boundaries

In many theoretical studies of convection it is assumed for mathematical con-
venience that at the boundaries there are no tangential stresses, and this is
commonly referred to as the free boundary condition, even though the boundaries
are not permitted to deform. For ‘free’ boundaries the dynamic boundary condi-
tions are (2.26 a). When C' = 0, these conditions result in a qualitatively different
dependence of N on E than do the rigid conditions. Howard (1965) finds that
for free boundaries N ~ R% when R->00 and C = 0, and that, at fixed R, N is
maximum for a = O(1). [For C = 0, N is maximum at a = O(R}) with rigid
boundaries (Roberts 1966; Stewartson 1966).] For purposes of comparison with
these studies we sketch here asymptotic results for free boundaries when C + 0.

The ordering of the terms in the body of the fluid (i.e., the asymptotic sequence)
is the same for the free boundary case as for the rigid. Thus the analysis is the
same as above up to the point where (4.27) must be solved. But now the conditions
on i are

YOy =9y"(0)=0, y~¢-4A,In{-¢ as > (4.40)

This time the solution is iy = ¢ with 4, = 0 and {, = 0. The completion of this
analysis is outlined in appendix C, where it is found that (4.38) holds but now

k=23[T(3)1(1+ 0% = 1-062(1 + C2)}, (4.41)

which is independent of o. This means that, when o = O(1), N depends on o and
R only through the combination Eo as in the case with rigid boundaries at low o.
This behaviour does not persist for very large o, and the analysis shows that
modifications are expected when o is of order C(Ra?%. The general treatment of
the problem is difficult and we have simply examined the limit o > C(Ra?)%.

In this limit the inertial term in the momentum equation is negligible and the
interior equation for ¥ is the same as when (' = 0. On the other hand, the
boundary-layer equations are the same as for C' 4 0 and are solved in appendix C.
The resulting Nusselt number is

N ~ [Ra2A42/(2k)4]3, (4.42)

where A4 is the first derivative of the interior variable ¥ at z = 0. It was deter-
mined by Howard (1965) in his ' = 0 analysis, and can be approximated very

roughly by \
2 5( 7%+ a?\?2
ax s () | (4:49)

The function % is given by (4.41) and reduces to that found by Howard when
C = 0. It should be pointed out that for real fluids the R* behaviour does not
persist to extremely large R; for fixed o, however large, the condition o > C (Ra?)t
is not satisfied when R is large enough, and then N oc (RIn R)t as R ->oo0.
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The dependence of N on a when C = 0 and o < C(Ra?)? is the same as when
rigid boundary conditions are applied: N attains its maximum at @ = O(&?%) when
oR > 1, and at a = 2:37 when oR is small. When ¢ > C(Ra?)# the dependence
on a is the same as when ¢ = 0 and once again N attains its maximum, propor-
tional to R}, when a = O(1).

We note that in the lower boundary layer the vertical velocity amplitude
varies linearly with z, whatever the value of ¢. Thus the horizontal vorticity,
which is proportional to (D?*— a?) ¥, is small. This is not so in the upper boundary
layer, however, where strong concentrations of vorticity occur, even though the
stress at 2 = 1 is zero.

Finally, we observe that, as E—oo with ¢R[C < 1, (4.39) holds for free
boundaries as well as rigid.

5. Discussion

The point of the present work has been to explore the possibility of describing
nonlinear convection by treating its horizontal structure inaccurately while
paying careful attention to its vertical structure. The way of doing this here has
been to expand the horizontal variation of flow variables in terms of the planform
functions of linear theory and then to truncate these expansions. The resulting
equations differ from the mean-field equations by including a representation of
the inertial terms. In this paper we have considered solutions of the single-mode
equations (2.20)—(2.22) resulting from the severest truncation. '

The case of mildly supercritical R treated in § 3 by finite amplitude expansions
is principally of interest for comparison with known solutions of the full equa-
tions. We found that the single-mode solutions compare well with the corre-
sponding solutions of the full equations for the case of hexagons. For rolls the
agreement with the full solutions is good only for very large Prandtl number;
thisis just another manifestation of the failure of the mean-field equations (C = 0)
to give a description of the dependence on Prandtl number of heat transport.
Since C = 0 for rectangles as well, the single-mode representation fails in the same
respect for these planforms. Thus, for moderate Rayleigh numbers accuracy is
restricted to planforms for which C # 0, and otherwise to o > 1. But in these
cases reasonably good results can be obtained rather easily.

The asymptotic solutions of §4 in the limit R—co display a dependence of
N —1on R and o, which we summarize in table 2 for various cases. The behaviour
at very large o, in the last column, results when the viscous terms dominate the
inertial terms in the interior; in that case, for both rigid and free boundaries, the
asymptotic forms are similar to those obtained from the single-mode mean-field
approximation. The difference between the second and third columns arises from
the different relative thicknesses of the vorticity and temperature boundary
layers near the lower rigid boundary; there is no vorticity layer near a lower free
boundary. (It should be recalled that the designations ‘upper’ and ‘lower’ refer
to our arbitrary choice of solution with W, ® and C positive; the designations are
reversed when the sign of the product C W is changed.) When o < C, as in the first
and second columns, any vorticity boundary layer near the lower boundary is
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c<CR!'! CR'<o0<C C<«<o<CRa¥ o> CRa2)k
Rigid boundaries (oR)? (cRInoR)} (RInR)t (RInR)}
Free boundaries (oR)? (cRInoR)} (cRInoR)}* R}
TaBLE 2. Form of the asymptotic dependence of N —1 on R and o for R - oo, for various
ranges of 0. Although the rows are labelled according to the conditions on both boundaries,

it is only the ‘lower’ boundary condition that determines the Nusselt number at leading
order.

so thin compared with the thermal layer that the heat flux is independent of the
boundary conditions on the stress. This is evident from table 1, where one can see
that the integral k for a rigid boundary approaches the values for a free boundary
as o decreases. Further, when o € CR-! thermal boundary layers cease to exist
and the Nusselt number differs from unity by just a small amount; its value
depends only on the solution in the interior, which is independent of the vorticity
boundary layers.

The dependence of N upon a is not shown in table 2 since analytical functional
forms are not available for all the cases. However, N appears to possess a single
maximum N,, with respect to a in each case. This maximum occurs when a = O(1)
for free boundaries when o > C(Ra?)%, and also for both rigid and free boundaries
when o < CR-!. In all other cases it occurs when a = O(R?).

The dependence of N on o indicated in the first row of table 2 is of the kind
hoped for in a qualitatively acceptable model. For o > 1 experiments with rigid
boundaries show little or no dependence of N on o. However, as o decreases
through unity a slight decrease of N is found experimentally (Rossby 1969). The
experiments unfortunately do not give us any guide as to the o dependence for
very small o, but there is weak evidence from studies of stellar convection.
Theoretical models of stars are computed on the assumption that for the very
small Prandtl numbers of stellar material convective heat transfer does not
depend on viscosity, and the models rationalize the observational data quite
tolerably. The results presented here indicate that, for very small o, N depends
only on Ro, which accords very well with the astronomers’ prejudices.

In this discussion of o dependence we considered the wavenumber a to be
fixed, while in fact we are at liberty to make it a function of R and o. Unfortu-
nately experimental data are too sparse for us to draw any firm conclusions con-
cerning this function. However we recall that, at the highest R, N varies as B to
a power which lies between 0-26 and 0-33 [see Rossby (1969) and Chu & Goldstein
(1973) for summaries]. For rigid boundaries, if we choose a = O(Rt), we find that
N oc R¥3(In R)*?, which certainly mimics the experimental data.

Unfortunately no experimental work has been done at the very large values
of R at which our asymptotic analysis is valid, so we are able to compare our
results only with other theoretical predictions such as the dimensional analysis
that predicts N oc R} as R — oo. This behaviour cannot be attained by the single-
mode representation since a is at most B, But it appears to be a property of the
multi-mode representation (Spiegel 1971), at least when the modes do not interact
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directly via the fluctuation advection terms, and such a behaviour has also been
obtained by Chan (1971), who computed the maximum value of N permitted by
the mean-field equations. Chan showed also that this maximum is an upper
bound to the N permitted by the full Boussinesq equations with o = c0. How-
ever, it is not entirely clear that the R} law applies to real fluids. Kraichnan’s
(1961) analysis of convection at extremely high R predicts N oc [oR(In R)-3]}
when ¢ is small (but oR is large) and N oc o—3{R(In R)~3]} when o is moderate.
This steeper dependence on R arises from the increasing enhancement of the heat
transport by boundary-layer turbulence as B increases. We do not know whether
this phenomenon would be exhibited by our representation with many inter-
acting modes, nor whether it even exists in real convection. But Kraichnan’s
argument is not implausible, and has not been contradicted by the Nusselt
number maximization studies of Howard (1963) and Busse (1969).

Evidently, at very large R these single-mode equations are a very incomplete
representation, and some of the properties seem unrealistic. For example, at high
enough R, at least when a and o are O(1), the mean temperature field extends
outside the range defined by the boundary conditions, as we noted above. But the
purpose of both the mean-field equations and these modal equations is to describe
the nonlinearities of convection in a tractable way. They may be viewed either
as mathematical models for convection at high R, or alternatively as approximate
representations of some aspects of convection at low R, where the scales of motion
are fairly restricted.

To determine to what extent the single-mode equations may be useful at
high R, more details of the experimental data must be compared with the
theoretical predictions. Such details include the distributions of temperature and
velocity, and the scales of motion which appear to dominate the heat transport.
The asymptotic solutions presented here are valid only at values of B much
greater than those realized in the laboratory, and detailed comparisons are
deferred to a subsequent paper in which numerical solutions of the single-mode
equations in the experimental range of R will be presented.

We are indebted to K. Grossman for providing numerical solutions of the lower
boundary-layer equations and to L.N.Howard and J.-P.Zahn for some very
valuable suggestions. We are grateful to L. Baker, W.S. Childress, J. B. Keller,
J.D.Murray, E. L. Reiss and E. L. Schucking for their advice and interest.

The major part of this work was carried out in New York while D. 0. G. and
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Research Associates, and at the Courant Institute of Mathematical Sciences,
New York University. Subsequently J. T. joined the Department of Mathematics,
New York University. We are grateful to the National Science Foundation for
financial support, most recently under NSF Grants GP-32336x and GA-43007,
and to the National Aeronautics and Space Administration under NASA Contract
NGL 06-003-057.
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Appendix A. The outer asymptotic sequence
The discussion centring on (4.15) and (4.16) gives some idea of the first two
terms of the appropriate outer sequence for the system (4.2)-(4.4). Further
manipulations lead us to try an expansion of the form
W(z,€) = o+ AW+ A3, + A8, +...]
+eIA I AW, + A, + .+
+ (€282 [ Wy + ... ]+ €W +-..s (A1)
with similar expansions for ¥ and B. In (A 1) the various ¥’s on the right-hand
side are independent of ¢ and A.
The zeroth-order terms in this expansion lead to (4.15) with the choice z; = 0

and the behaviour of ¥ near the boundaries expressed in (4.17) and (4.18).
We find next that the ¥, (n = 0,1, 2, ...) satisfy

lF(:%(l)z_a'z) Wi~ 22¥y, = Anl}ﬁ()’ (A 2)

where the 4, are arbitrary constants and in fact are the coefficients of the higher-
order terms of an expansion of (4.16). Near z = 0 we see from (4.17) that (A 2)

becomes, for a = O(1),
2R3 D% —a®) ¥, —2¥,,, = 4.k, (A 3)

where h~[3Inz!—2In(31lnz"1)]3. (A 4)
Near z = 0 we may use the approximation
D2 = (zh)2, (A 5)
so that (A 3) has the approximate solutions
Y, =—4,.h+B, R, (A 6)

where the B, are arbitrary constants.
Similar considerations can be applied at the higher orders and the outer
asymptotic sequence for ¥ in the neighbourhood of z = 0 is

Y = zh+dA03(By+ A By + A-4By +...)
— (A, + A 34,4+ 284, 4..))
+etAtIn (A) (B, + A" By +...)
—etAtIn (W) h(Ay + A 34+ ..) —eABA2 2202 + ...
+e(3C+a/O)[zh+.... (A7)
Likewise, near z = 1, the asymptotic sequence can be written as
W = (1= )@ (1 =2 [1+ Ky(1— )+ 3(1 —2,) (1 —2) +...]
+elK(1—2) 5 +... +e(4a/150) (1 —z)1+.... (A8)

1 1
F:EEH&,\%%[Al_Blk+A—%(A2—sz)+...]+..., (A9)

and nearz = 1

F=1—z2)32¢0—2) 1 -K,(1-2%+...1+.... (A 10)
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To facilitate the matching to the boundary-layer solution we express the
interior solution in boundary-layer variables. Near z = 0, with z = e¥A—¥, we
find -

¥ = ¢iAiB; (1 —A1InA —2A-11n¢)

+etA3[(By— 4;) — A In () (By— }4,)—A"4(2B,—~ 4,) In{]

+ €A {[(By—A,) —A1In(A) (B —34,) — A 1(2B;— A,)In{] +...

+etIn () By(1~A1In A~ 2A-1In{) +...

+ et [(Bs— 4,4+ £~ A In(A) (B; — 4, - £0)

—~A124;,~4,~ ) Inl]+ et In(A) [(Bpy—4p)+ ... ]+.... (A 11)
The leading term in this expansion is constant and O(etA?), for { fixed. We are
unable to match such a term in the boundary layer, where for large ¢ the leading
term varies like {. We therefore must choose B, = 0, B, = 4,, By = A,, B; = 4,,
A,— By = constant = {; (say) and B); = {4,. This procedure leaves two arbitrary
constants, 4, and &, in the leading terms. For the higher-order terms a similar

sequential cancellation is needed, but we consider here the matching of only the
leading-order terms. We then find, near z = 0, that

V= etdd({ -4, InE~E+...) + O(etr?) (A 12)

and F=e~%,\—é§~1(1+é%—§—%")+..., (A 13)
while near z = 1, with 9 = e#(1 —z), we find

V= et (@39} + Kyp3— (40/150) 771+ ... ]+ O(e#) (A 14)

and P =@yt — QK+ (3 (40/150) 7 +...1+0(1). (A 15)

These expressions provide the matching conditions to be applied to the boundary-
layer solutions.

Appendix B. Solution of (4.15) for large a
The leading term in the outer asymptotic sequence satisfies (4.15) with z;, = 0,

WHDI—a?) ¥, = —2,

where D = d[dz. We need to know how ¥, behaves near the boundaries (z = 0, 1),
and in the text we have assumed that ¥, vanishes on both boundaries. These
conditions lead to a successful matching. Here we simply wish to verify the
behaviour indicated in (4.17) and (4.28) and shall do so for a > 1.

For large a the asymptotic solution of (4.15) away from the boundaries

(Z = 0, 1) iS 4}
2 2
. -2
Ve () [1- gt ] @y
To discuss the behaviour of the solutionsnearz = 1, we introduce new variables:
l—z=al, ¥,=a10. (B 2)

Now (4.15) becomes U dri-1)D+1 =alr. (B 3)
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If we introduce the expansion
D= Q,+a1d, +... (B4)

into (B 3) we readily obtain the equation for ®,. From (B 1) we see that ®,— 1 as
r—o0 and that the appropriate solution for the @, equation is

r=2 [—31—% tanh—1 (q)god_)i_"z)%—tanh—l (6?_:’_—2)%]. (B 5)
Near r = 0, we expect @, ~ 0 and we can’invert (B 5) to yield
Dy = 2(3r)[1-3(3n)k+...]. (B 6)
On expressing this in terms of z we find that, nearz = 1,
Wo= (2 (1—2)[1 -5 @b (1-2)8+...], B7)

which agrees with (4.18) and establishes the value of K, for ¢ > 1.
Near z = 0 we scale as follows:

z=als, ¥,=a1X. (B 8)
With these scaled variables we can rewrite (B 1) as
X =s¥1-2/2783+...) for s—>o0. (B9)
The ‘boundary layer’ equation is
X¥d*ds*-1)X +s =0, (B 10)

which is unfortunately not much simpler than (4.15). However, we can verify
that as s — o0 it admits solutions which match to (B 9). Moreover, as s— 0 it has
a solution which when expressed in z goes to zero like

¥, =2(3lnz1-2Inlnz1-3lna+...)% (B 11)

This agrees with (4.17) if we set K; =a~1. Thus we see that the constants
K, and K, are determined from the interior equation when the conditions
¥(0) = ¥y(1) = 0 are applied. To obtain better values of K; and K, fora = O(1)
we would need to solve (3.15) numerically; however, we have no real need of
such precision.

Appendix C. The free boundary layer
As indicated in the text, the solution of (4.27) with the conditions (4.40) is
tr ~ ¢ Thus (4.32) becomes
f =20 —(C+)f=-¢ (C1)
and we require f(0) = 0 and f ~ {1 as {—oo. This equation is very similar to the

one which arises in the case C = 0 treated by Howard (1965) and it is not hard to
extend his treatment and find the solution in integral form. This is

= jCigece f " (2 -t etore gy, (C 2)
1

where pE = (C2+1)[C2 (C3)
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The evaluation of N proceeds as before and we obtain (4.38), but this time

R
= (1 % —_ _‘% — —

k= Gt [0 O [ ), (C4)

With some standard manipulations this can be cast into lengthy but known

integrals, and we are led to (4.41).
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